Let E be an indecomposable rank two vector bundle on the projective space P ≥ 3, over an algebraically closed field of characteristic zero. It is well known that E is arithmetically Buchsbaum if and only if = 3 and E is a null-correlation bundle. In the present paper we establish an analogous result for rank two indecomposable arithmetically Buchsbaum vector bundles on the smooth quadric hypersurface Q ⊂ P +1 , ≥ 3. We give in fact a full classification and prove that must be at most 5. As to -Buchsbaum rank two vector bundles on Q 3 , ≥ 2, we prove two boundedness results.
Introduction
Many papers have been written on -Buchsbaum indecomposable rank two vector bundles on projective -spaces, ≥ 3; see for instance [2] [3] [4] [5] 9] . We recall that a vector bundle is called arithmetically Cohen-Macaulay (i.e. 0-Buchsbaum) if it has no intermediate cohomology, while it is called arithmetically Buchsbaum (i.e. 1-Buchsbaum) if it has all the intermediate cohomology modules with trivial structure. Moreover, we say that a bundle is properly arithmetically Buchsbaum if it is so, but it is not arithmetically Cohen-Macaulay. The following result about rank two vector bundles on a projective space is well-known [2, 4] :
Let E be a properly arithmetically Buchsbaum, normalized, rank two vector bundle on the projective space P , ≥ 3. Then = 3 and E is stable with 1 = 0, 2 = 1, i.e. E is a null-correlation bundle on the projective 3-space.
In the present paper we investigate arithmetically Buchsbaum rank two vector bundles on a smooth quadric hypersurface Q ⊂ P +1 . As for arithmetically Cohen-Macaulay rank two vector bundles it is well known that on a smooth quadric hypersurface Q , ≥ 3, the possible cases are [13] :
≥ 3 E is a split bundle;
= 3 E is stable with 1 = −1, 2 = 1, i.e. E is a spinor bundle on Q 3 ;
= 4 E is stable with 1 = −1, 2 = (1 0) or (0 1), i.e. E is a spinor bundle on Q 4 .
For properly arithmetically Buchsbaum bundles we can give the following full classification:
Let E be a properly arithmetically Buchsbaum, normalized, rank two vector bundle on a smooth quadric hypersurface Q , ≥ 3. Then E is one of the following:
(i) = 3 E is stable with 1 = −1, 2 = 2, i.e. E is associated to two skew lines or to a double line;
(ii) = 3 E is stable with 1 = −1, 2 = 3, and H 0 (Q 3 E(1)) = 0, i.e. E is associated to a smooth elliptic curve of degree 7 in Q 3 ⊂ P 4 ;
(iii) = 4 E is stable with 1 = −1, 2 = (1 1), i.e. E is the restriction of a Cayley bundle to Q 4 ;
(iv) = 5 E is stable with 1 = −1, 2 = 2, i.e. E is a Cayley bundle;
(v) ≥ 6 no properly arithmetically Buchsbaum bundle of rank two exists.
For the definition of a Cayley bundle on Q 5 and its restriction to Q 4 see subsection 2.2, while for the bundles on Q 3 of (i) and (ii) see subsection 2.3.
Given the importance of the case = 3 to the proof of our classification of arithmetically Buchsbaum bundles of rank two, it is natural to look at -Buchsbaum bundles of rank two on Q 3 (see Definition 2.5). As for -Buchsbaum bundles, ≥ 2, on a quadric threefold Q 3 , we prove in Section 5 two boundedness results for the second Chern class 2 , both in the stable and in the non-stable case.
General facts and notation
We work over an algebraically closed field of characteristic zero.
Quadric hypersurfaces Q ⊂ P +1
We denote by Q any smooth quadric hypersurface in the projective space P +1 , with ≥ 2. We recall some well-known facts about quadric hypersurfaces. Firstly, for the first and second Chow groups of Q there are natural isomorphisms
with the following exceptions:
so an element of these particular Chow groups is identified with a pair ( ) of integers. Now, let Q 3 ⊂ P 4 be a smooth quadric threefold. Take a general hyperplane section Q 2 and a general conic section D of Q 3 , i.e.
where K and K are two general hyperplanes in P 4 . We have the following two inclusion maps: D − → Q 2 − → Q 3 , so it holds, for the "hyperplane section" line bundles, that
since the irreducible conic D is the isomorphic image through the 2-fold Veronese embedding of the projective line P 1 . The above notation O Q 2 (1 1) has the usual meaning:
where π 1 and π 2 are the projections onto the two factors in the standard isomorphism Q 2 ∼ = P 1 × P 1 , and moreover, for every integer ,
Rank two vector bundles on Q
Let E be a rank two vector bundle on a smooth quadric hypersurface Q ⊂ P +1 with ≥ 3.
Definition 2.1.
The 
Definition 2.3.
We say that E is an extendable bundle or that it extends to a bundle on Q +1 if there exists a rank two vector bundle F on Q +1 such that E = F Q , where Q ⊂ Q +1 is a general hyperplane section of Q +1 .
Definition 2.4.
We say that E is a split bundle if it is (isomorphic to) the direct sum of two line bundles, i.e. E = O Q ( ) ⊕ O Q ( ) for suitable integers and . Obviously each split bundle is non-stable.
Definition 2.5.
Let E be rank two vector bundle on a smooth quadric Q ⊂ P +1 , with ≥ 3. We set
and also
which are modules of finite length on the ring R. We say that E is -Buchsbaum, with ≥ 0, if for all integers such that 1 ≤ ≤ − 1 and 3 ≤ ≤ , m · H * Q E Q = 0
where Q is a general -dimensional linear section of Q , i.e. Q is a quadric hypersurface cut out on Q by a general linear space L ⊂ P +1 of dimension + 1, that is Q = Q ∩ L.
Notice 
Theorem 2.6 (Castelnuovo-Mumford criterion, [6]).
Let F be a coherent sheaf on Q such that H (Q F (− )) = 0 for > 0. Then F is generated by global sections and H (Q F (− + )) = 0 for > 0, ≥ 0.
Theorem 2.7 ([13]).
Let F be a vector bundle on Q , ≥ 3. If F is arithmetically Cohen-Macaulay, i.e. it has no intermediate cohomology, then F is a direct sum of line bundles and twisted spinor bundles.
Remark 2.8.
For an account of spinor bundles on quadrics see [10, 13] .
Definition 2.9.
A Cayley bundle C on a smooth quadric hypersurface Q 5 is a bundle arising from the following two exact sequences:
where S is the spinor bundle on Q 5 and G is a stable rank three vector bundle with Chern classes 1 = 2 = 3 = 2 defined by the generic section of S * , and moreover C is defined by a nowhere vanishing section of G * (1) [11] .
We recall the following well-known results, which we will use in Section 4.
Theorem 2.10 ([11]).
Each stable rank two vector bundle on Q 5 with Chern classes 1 = −1 and 2 = 1 is a Cayley bundle, and these bundles do not extend to Q 6 . The intermediate cohomology of a Cayley bundle vanishes with only one exception: 1 (Q 5 C ) = 4 (Q 5 C (−4)) = 1, therefore every Cayley bundle is properly arithmetically Buchsbaum. Moreover, the zero locus of a general global section of C (2), C a Cayley bundle, is (isomorphic to) the complete flag threefold F (0 1 2) of linear elements of P 2 .
Theorem 2.11 ([11, Remark 3.4]).
Each stable rank two vector bundle F on Q 4 with Chern classes 1 = −1 and 2 = (1 1) extends in a unique way to a Cayley bundle on Q 5 , and it has vanishing intermediate cohomology with only one exception:
Therefore, every stable rank two bundle on Q 4 with Chern classes 1 = −1 and 2 = (1 1) is properly arithmetically Buchsbaum. Moreover, such a bundle has a global section of F (1) vanishing on two disjoint 2-planes.
Rank two vector bundles on Q 3
Let E be a rank two vector bundle on a smooth quadric threefold Q 3 . As usual we will use the notation E( ) for the twisted bundle E ⊗ O Q 3 ( ), for all ∈ Z. We identify the Chern classes 1 and 2 of E with integers, and we recall the following well-known formulas:
Moreover, the Hilbert polynomial of the vector bundle E is
(see e.g. [14, Proposition 9, Corollary 2]). In particular we have
If E is a rank two vector bundle on Q 3 , then we define
the restriction of the bundle E to a general hyperplane section H ∼ = Q 2 (zero locus of a general global section of O Q 3 (1)). Moreover, we will use the following convention:
Furthermore, we define the restriction E D of the bundle E, and hence of the bundle E H , to a general conic section D of the threefold Q 3 as
So we have, for each integer , the following exact sequences:
the so-called restriction sequences.
Recall that, by our convention, the sequence (2) is in fact (1)). We denote by φ = φ the multiplication map induced by the restriction sequence (2) on the first cohomology groups, i.e.
is the multiplication by . By the long cohomology sequence we have
Taking the composition of such successive maps we obtain
so, if E is -Buchsbaum, we get for each integer the following equality
Now we recall some known results on rank two vector bundles on a quadric threefold Q 3 .
Theorem 2.12 (splitting criterion, [8, Theorem 2])
. Let 
Theorem 2.15 ([3, Corollary 1.5]).
If E be a semistable rank two vector bundle on a smooth quadric threefold Q 3 with 1 = 0 (respectively
Theorem 2.16 ([12, Section 4]).
The moduli space M(−1 2) of stable rank two vector bundles on a smooth quadric threefold Q 3 with Chern classes 1 = −1 and 2 = 2 is irreducible, rational, smooth of dimension 6. Moreover, every bundle in M(−1 2) comes either from two skew lines in Q 3 or from a double line on some smooth quadric surface
; therefore every rank two stable bundle with 1 = −1 and 2 = 2 is properly arithmetically Buchsbaum.
Theorem 2.17 ([12, Section 5]).
The moduli space M(−1 3) of stable rank two vector bundles on a smooth quadric threefold Q 3 with Chern classes 1 = −1 and 2 = 3 is irreducible, unirational, reduced of dimension 12. Moreover, the generic bundle has H 0 (Q 3 E(1)) = 0 and E(2) is generated by global sections.
We now prove the following theorem, which will be useful in Section 4.
Theorem 2.18.
Let E be a stable rank two vector bundle on a smooth quadric threefold Q 3 with 1 = −1, 2 = 3, and H 0 (Q 3 E(1)) = 0. Then α = 2 and the intermediate cohomology of E vanishes with only one exception: 1 (
; therefore such a bundle is properly arithmetically Buchsbaum.
Proof. By [3, Corollary 2.4], we have 1 (Q 3 E( )) = 0 for every ≤ −1, and moreover, since E(2) is generated by a global section as stated in Theorem 2.17, it holds also that 1 (Q 3 E( )) = 0 for every ≥ 1 (by the Castelnuovo-Mumford regularity). By the Serre duality it follows 2 (Q 3 E( )) = 0 for all = −2. Using formula (1) we get 1 (Q 3 E) = −χ(E) = 2, and also 0 (Q 3 E( )) = χ(E( )) for each ≥ 2. Therefore the bundle E has first relevant level α = 2 and it is arithmetically Buchsbaum (the first cohomology module has diameter 1).
Preliminary results
In the sequel, when we say that a vector bundle is -Buchsbaum we always assume that ≥ 1, hence excluding arithmetically Cohen-Macaulay bundles. 
Stable bundles
for all ∈ Z, then we get 0 (D E D ( )) = 2 0 P 1 O P 1 (2 + 1 ) = 4 + 2 1 + 2 for all ≥ 0 and also 0 (D E D ( )) = 0 for each < 0. Vanishing of the first cohomology follows by the Serre duality.
Lemma 3.2.
Let E be a stable, normalized, rank two vector bundle on a smooth quadric threefold Q 3 . Then 2 ≥ 2, 2 even, when 1 = 0 and 2 ≥ 1 when
Proof. Since E is stable, it follows, by the restriction theorem, Theorem 2.14, that also E H is stable, so 0 < ≤ α,
where α = α(E) and = α(E H ), with H a general hyperplane section of Q 3 . Therefore 0 (Q 3 E) = 0 and 3 (
Remark 3.3.
Observe that the above lemma is a consequence of Bogomolov's inequality, see e.g. [7, Theorem 7.3.1], but here we have given a proof based on elementary techniques.
Lemma 3.4.
Let E be a stable, non arithmetically Cohen-Macaulay, normalized, rank two vector bundle on Q 3 . Then
Proof. By 
) < 0, so we must have 1 (Q 3 E( 0 )) = 0 (see also [1, Theorem 5.4] , for a more general statement).
Lemma 3.5.
Let E be a stable, -Buchsbaum, normalized, rank two vector bundle on Q 3 . Let H be a general hyperplane section of Q 3 , and let be the first relevant level of E H . Then 1 (Q 3 E( )) = 0 for each ≤ − − 1.
Proof. By the stability hypothesis we have 0 < ≤ α, where α is the first relevant level of E. Then we have 0 (Q 2 E H ( )) = 0 for all ≤ − 1, hence the multiplication map φ is injective for each ≤ − 1. Therefore, the composition of successive multiplication maps φ • · · · • φ − +1 is, at the same time, injective and the zero map for each ≤ − 1, so we obtain, see (5), 1 (Q 3 E( )) = 0 for all ≤ − − 1. 
Non-stable bundles
Lemma 3.7.
Let E be a normalized rank two vector bundle on Q 3 and E H its restriction to a general hyperplane section H of Q 3 . If E is non-split and non-stable, then
(v) for each ≤ −α − 1 the following sequence of cohomology groups
Proof. By the definition of α and the assumption that E does not split, E(α) has a global section whose zero locus Z has codimension 2 in Q 3 , hence, by the Serre correspondence, we have for all ∈ Z the short exact sequence
) for every ≤ −α − 1 , in particular we get 0 (Q 3 E(α)) = 0 (Q 3 O Q 3 ) = 1 (these are (i), (ii), and (iii)). Now we consider the short exact sequence obtained by tensoring the previous one with O H ,
Hence we have proved (v). Moreover, (vi) follows from (v) through the long cohomology sequence.
Lemma 3.8.
Let E be a non-stable, -Buchsbaum, normalized, rank two vector bundle on Q 3 with first relevant level α. Then
Proof. By Lemma 3.7 (vi) the multiplication map φ is injective for each ≤ −α − 1 . Therefore, the composition φ • · · · • φ − +1 of successive multiplication maps is injective and also the zero map for each ≤ −α − 1 , so we get the claim.
Proposition 3.9.
There is no normalized rank two vector bundle E on Q 3 which is properly -Buchsbaum with α ≤ 1 − .
Proof. Assume E is properly -Buchsbaum with α ≤ 1 − and 1 ∈ {0 −1}. Since ≥ 1 we get α ≤ 0, so E is non-stable. By Lemma 3.8 we have 1 (
which is in contradiction with the above vanishing.
Corollary 3.10.
Let E be a non-stable, normalized, rank two vector bundle on Q 3 . If E is properly -Buchsbaum, then 2 − ≤ α ≤ 0.
Corollary 3.11.
Every properly arithmetically Buchsbaum rank two vector bundle on Q 3 is stable.
Proposition 3.12.

Let E be a non-stable, normalized, rank two vector bundle on a smooth quadric threefold Q 3 with first relevant level α. Then E D , the restriction of E to a general conic section D of Q
Proof. Let Z be the zero locus of a non-zero global section of E(α), which is a subscheme of Q 3 of pure dimension 1. Then we have the exact sequence
If we tensor the above sequence by O D (−α) , where D is a general conic section of Q 3 , hence not meeting Z , we get
By hypothesis 2α + 1 ≤ 0, therefore we have 
Arithmetically Buchsbaum rank two bundles
In the present section we give the proof of Theorem 1.2, but dividing it into two statements: Theorems 4.2 and 4.3. First, we analyze what happens on a smooth quadric threefold Q 3 ⊂ P 4 , starting with a technical lemma which we need in the following.
Lemma 4.1.
Let E be an arithmetically Buchsbaum rank two vector bundle on Q 3 . If 2 (Q 3 E( − 1)) = 0, then H 1 (Q 3 E( )) ∼ = H 1 (Q 2 E H ( )) through the restriction map and moreover the multiplication map
is the zero map.
Proof. Consider the following commutative diagram:
where the horizontal maps are the restriction maps obtained from restriction sequence (2), while the vertical maps are the multiplication maps by a general linear form not defining the hyperplane section H ∼ = Q 2 , so by the hypotheses it follows that the left vertical map is the zero map. Now we are able to give the full classification of arithmetically Buchsbaum rank two vector bundles on a quadric threefold Q 3 .
Theorem 4.2.
Let E be an arithmetically Buchsbaum, normalized, rank two vector bundle on Q 3 . Then E is one of the following: (i) E is a split bundle;
(ii) E is stable with 1 = −1, 2 = 1, i.e. E is a spinor bundle;
(iii) E is stable with 1 = −1, 2 = 2, i.e. E is associated to two skew lines or to a double line;
(iv) E is stable with 1 = −1, 2 = 3, and α = 2, i.e. E is associated to a smooth elliptic curve of degree 7 in Q 3 ⊂ P 4 .
Therefore, E is either arithmetically Cohen-Macaulay, cases (i) and (ii), or properly arithmetically Buchsbaum, cases (iii) and (iv), with only one non-zero first cohomology group.
Proof. Let E be an arithmetically Buchsbaum, normalized, rank two vector bundle on Q 3 and let H and D be general hyperplane and conic sections of Q 3 . Since the rank two arithmetically Cohen-Macaulay vector bundles on Q 3 are either split or spinor bundles, see Theorem 2.7, we can assume that E is properly arithmetically Buchsbaum. We set α = α(E) and = α(E H ). By Corollary 3.11, E must be stable, and moreover, by Lemma 3.6 and Theorem 2.14 there is no stable properly arithmetically Buchsbaum bundle with 1 = 0. Therefore we may assume, always by Lemma 3.6, that E is stable with 1 = −1 and = 1. We have 1 (Q 3 E( )) = 0 for all ≤ −1, by Lemma 3.5, and 2 (Q 3 E( )) = 0 for all ≥ −1, by the Serre duality. Moreover, by Lemma 3.4, 1 (Q 3 E) = 0. Thanks to the vanishing of 2-cohomology for ≥ −1, the multiplication map H 1 Q 2 E H ( ) → H 1 Q 2 E H ( + 1) , by Lemma 4.1, is the zero map for every ≥ 0. From the restriction sequence (3) we get in cohomology the exact sequence
for all ≥ 1 (taking into account Lemma 3.1), so we obtain 1 Q 2 E H ( ) = 0 for all ≥ 1. Now from the restriction sequence (2) we get in cohomology the exact sequence
for every ≥ 1, hence 1 (Q 3 E( )) = 0 for all ≥ 1. Therefore E must have 1 (Q 3 E( )) = 0 for all = 0.
Since α ≥ = 1, we have either α = 1 or α > 1; in the latter case we have 1 (Q 3 E(α − 2)) = 0, because of [1, Theorem 5.2] , and therefore we must have α = 2. So we have to analyze two possibilities: α = 1 and α = 2. In both cases it holds 6 − 2 2 = χ(E(1)) = 0 (Q 3 E(1)) ≥ 0, that is 2 ≤ 3, therefore, from E being properly arithmetically Buchsbaum, we obtain 2 = 2 if and only if α = 1, and 2 = 3 if and only if α = 2.
If 2 = 2 and α = 1, then we get 1 (Q 3 E) = 1 and 0 (Q 3 E(1)) = 2. By the Serre correspondence we have an exact sequence on Q 3 of the form
where Z is a non-empty locally complete intersection curve of degree 2 with ω Z O Z (−2), arithmetic genus −1, 1 (P 4 I Z P 4 ( )) = 1 (Q 3 I Z ( )) = 0 for all = 0 and 1 (P 4 I Z P 4 ) = 1 (Q 3 I Z ) = 1, so E is a vector bundle associated to two skew lines or a double line. If 2 = 3 and α = 2, then we get 1 (Q 3 E) = 2 and 0 (Q 3 E(1)) = 0. By the Serre correspondence E(2) fits into an extension of the following type:
where C is a non-empty locally complete intersection curve of degree 7 and arithmetic genus 1, with ω C O C and 1 (P 4 I C P 4 ( )) = 1 (Q 3 I C ( )) = 0, = 1, 1 (P 4 I C P 4 (1)) = 1 (Q 3 I C (1)) = 2. Moreover E(2) is generated by global sections by the Castelnuovo-Mumford criterion, see Theorem 2.6, so I C (3) is globally generated too, whence the zero locus of a general section of E(2) is smooth. Therefore E is a vector bundle associated to a smooth elliptic curve of degree 7 in Q 3 ⊂ P 4 .
For the existence of bundles as listed in the above theorem, see Section 2.
Now we can state and prove the classification of arithmetically Buchsbaum rank two vector bundles on a quadric hypersurface Q ⊂ P +1 , with ≥ 4.
Theorem 4.3.
The only indecomposable, arithmetically Buchsbaum, normalized, rank two vector bundles F on Q , ≥ 4, are the following:
(i) for = 5, F is a Cayley bundle, i.e. F is a stable bundle with 1 = −1, 2 = 2;
(ii) for = 4, F is a spinor bundle or it has (2)) = 0, while 1 (Q 3 E( )) = 0 for all = 0 and 1 (Q 3 E) = 2. By the assumption, the two vector bundles F and E fit into a restriction sequence like 0 → F (−1) → F → E → 0 so we get in cohomology the exact sequence
for all ≤ −1 and ≥ 1, since 0 (Q 4 F ( )) = 0 for all ≤ 1. It follows that 1 (Q 4 F ( )) = 3 (Q 4 F ( )) = 0 for all ∈ Z. Similarly, we get 2 (Q 4 F ( )) = 0 for all ≤ −3 and ≥ 0, and also 2 (Q 4 F (−1)) = 2 (Q 4 F (−2)) = 2. Therefore we have 1 (Q 4 F (1)) = 2 (Q 4 F ) = 3 (Q 4 F (−1)) = 0 and 4 (Q 4 F (−2)) = 0 (Q 4 F (−1)) = 0, so by the Castelnuovo-Mumford criterion, Theorem 2.6, F is 2-regular, hence F (2) is generated by global sections and, therefore, the zero locus of a general global section of F (2) is a smooth surface S of degree 7 and we have the exact sequence
, the adjuction formula gives ω S O S (−1). Thus S is an anticanonically embedded del Pezzo surface. By the above exact sequence we see that 1 (P 4 I S ( )) = 1 (Q 4 F (1)) = 0 for all ∈ Z. Using Riemann-Roch on the surface S we obtain 0
On the other hand, using the structure sequence 0
, which is absurd. Therefore, there exists no arithmetically Buchsbaum bundle F on Q , ≥ 4, such that its restriction to a general 3-dimensional linear section Q 3 is a stable bundle with 1 = −1, 2 = 3, and = 2.
Remark 4.4.
Notice that in Theorem 4.3 the hypothesis that F is an arithmetically Buchsbaum bundle can be weakened to the following one: we can ask that F is a bundle with 1-Buchsbaum first cohomology, meaning that for every integer such that 3 ≤ ≤ , m · H 1 * Q F Q = 0
where Q is a general -dimensional linear section of Q .
Obviously, by the Serre duality, for a rank two vector bundle E on a quadric threefold Q 3 the two conditions:
a) E is arithmetically Buchsbaum, b) E has 1-Buchsbaum first cohomology, are equivalent. Instead, on an -dimensional quadric Q , ≥ 4, condition a) implies b).
Boundedness for 2 of -Buchsbaum bundles
In this section we investigate the 0-cohomology of the restriction to a general hyperplane section E H of a rank two vector bundle E on a quadric threefold Q 3 ⊂ P 4 , in order to establish some bounds on the second Chern class 2 of a -Buchsbaum bundle on Q 3 , both in the stable and in the non-stable case. We start with the stable case. Proof. Let D be a general conic section of Q Now − 2 2 = χ(E(−1)) = − 1 (Q 3 E(−1)) + 2 (Q 3 E(−1)) ≥ − 1 (Q 3 E(−1)) since 0 (Q 3 E(−1)) = 0 and 3 (Q 3 E(−1)) = 0 (Q 3 E(−2)) = 0, being α > 0, so we obtain Finally, the boundedness of S( 1 ) follows from the finiteness of C ( 1 ) and the boundedness of the family of all stable vector bundles with fixed rank and Chern classes, see [7, Theorem 3.3.7].
Remark 5.4.
Notice that the above result can be improved if we take into account the following facts: the multiplication maps φ are injective for all ≤ − 1, and also, by 
